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SUMMARY

An extension of Lanczos’ method employing “‘quadrature by differentiation” for the approximate solution
of boundary value problems in ordinary differential equations is further extended to partial differential
equations. The approximate solution is obtained in terms of piecewise polynomials or as rational function
approximations. In the process, the boundary values are employed to yield initial values. In the illustrative
problem treated, the method is combined with the matrix transformation method to yield, in the limit, exact
initial values. Thus, we have a convenient method of invariant imbedding. The initial values thus obtained
are utilized in the formulation of an eigenfunction solution to a non-separable problem in which the deri-
vatives of the solution function are of interest, so that retention of analytic control is desirable.

1. Introduction

In [1], Lanczos introduces a method for the approximate solution of boundary value
problems defined by ordinary differential equations. As pointed out by Lanczos, this
method, based on ,,quadrature by differentiation’, consists essentially of a power series
expansion and truncation, in which the solution is expanded about the two boundary
points. The point of truncation depends on the quadrature formula chosen. With regard
to these quadrature formulas, it is important to note that the accuracy of the formula
which contains (n — 1)th derivatives of the integrand corresponds to that obtained by
replacing of the integrand by its truncated power series of degree (2n — 1) (see [11). The
resultant polynomial approximation emphasizes accuracy at the boundary points, in
contrast with Rayleigh-Ritz—Galerkin type procedures which are designed to optimize
accuracy over the entire region of interest. Clearly, the Lanczos method, as presented in
[1}, would be unsuitable for problems in which the solution oscillates within the region
of interest, as noted in [1].

A natural extension of Lanczos’ method was treated in [2], where the region of interest
was partitioned into a sufficient number of intervals so that the solution does not oscillate
within any individual interval. The resultant approximate solution is obtained in terms of
piecewise polynomials or as rational function approximations. In the present work, the
method is extended to partial differential equations. The resultant solution is in the form
of piecewise polynomials or rational functions in one of the independent variables, the
coefficients being functions of the remaining independent variables. In the process of
solution we make use of the matrix transformation method [3]. This illustrates the con-
venience of employing the matrix transformation method and the related method of
summary representation [4], (which are discussed in [3] and [4], respectively, in connection
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with finite difference procedures) in connection with piecewise polynomial, or finite ele-
ment, solutions. In addition, in [3] the matrix transformation method is confined to sym-
metric matrices. Here, the method is applied to a problem with an asymmetric matrix.

In the process of obtaining the solution, by the method illustrated here, we obtain initial
data for the problem, so that the original boundary value problem may now be treated as
an initial value problem. Moreover, as the number of intervals in the partition is increased,
the accuracy of the initial data increases, so that an appropriate limit-taking procedure
leads to the exact solution for the initial data. Thus we have a simple, formal method in
contrast with some ad hoc methods of invariant imbedding (see, for example, [5]). Gener-
ally, the goal of invariant imbedding is to obtain a convenient numerical procedure for
computing the solution function. But in certain problems, e.g. plate theory [5], torsion
and plane elasticity problems [6], quantities of interest, i.e. the stresses, are given in terms
of the derivatives of the solution. Hence, it is desirable to retain analytic control of the
solution. We, therefore, illustrate the use of the initial data to obtain an eigenfunction
series solution. For illustrative purposes, simple two-dimensional problems are used.

2. Deflection of rectangular membrane

Consider a rectangular membrane of length ¢ and width b, subjected to uniform tension S
(Fig. 1). This problem is chosen because it is simple, so that essential procedures are not
obscured by difficulties inherent in the problem, and the solution is known, providing a
check on the results obtained here. The differential equation for the defiection w is:

W W= Q. (1)

Here, the dash ()’ denotes differentiation with respect to x, x = X/a; the dot (). denotes
differentiation with respect to y, ¥y = y/a, X and y being the dimensional coordinates;
= —a’p/S, p being the transverse pressure. The boundary conditions are:

w(0, y) = w(l, y) = w(x, 0) = w(x, p) = 0 )

where p = b/a.

We will now illustrate the extension of Lanczos’ method, as extended in [2], to partial
differential equations. We do not employ here the modification introduced in [2] because
our ultimate goal here is to obtain exact initial values by a limit-taking process, and, for
this purpose, the original method is satisfactory. Partition the rectangle into N strips,

so that
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Figure 1. Rectangular membrane. Figure 2. Parallelogram-shaped membrane.
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n 1
X = Xo = 0; xN=1;x,,+1—xn=W- (3)

Applying the approximate quadrature formula [1] to a typical strip and retaining deriva-
tives to w”, we have

— 1 7 ’ -1 1 " 2 -2 1 " Vi -3
Wpi1 — Wy = 7(wn+1 + W,,)N - ﬁ(wn+1 - wn)N + 1zo(wn+1 + W, )N s

’ 14 ” 7 -1 " " -2 (4)
Wps1 — Wy = %(wn+1 + W")N - ﬁ(wn+1 - W")N .
Here (to illustrate the notation), w, = w'(X, ¥)|;=x,. From (1),
w” pa— Q —_ W, w”l — Ql — WI. (5)
Let & be an integer and let
Q = Q, sin knx, Q,, = O sin knx,,. (6)
Introduce the differentiation operator D and the shift operator E,
D=—j Ewn = Wnt1s E_lwn = Wy—1. (7)
dy
Then, from (5), (6) and (7), (4) may be written as
N-—Z N—l / N—Z
E-D[1—- ——D*}w,— E+ D1 - D?\w,
( )< 10 )w 2 ¢ )( 60 ) "
N~2 N~3
= — E - DOy, + —— (E + DO
10 ( )k 50 ( Y ®

—-1

N2 N1 N~2

2
n=012,...,N—1.
The preceding 2N equations plus the conditions wy, = wy = 0 determine the 2(N + 1)
unknowns. The boundary conditions are [noting the last two conditions in (2)]

Wn(0) = w,(p) = wi(0) = wi(o) = O. )

Eliminating w, between the two equations in (8), we obtain
-3

[Ly(E® + 1) = 2L Ew, = N7 [H(E + 1)? — o(E — 1’104 = —— (E* — )Qjs

30
n=0,1,2,...,N =2, (10)
where
N7 N7 D* L, = 13N D* + N D* (11)
15 240 T2 120 80 '

In addition to the first two boundary conditions in (9), we obtain from (5) and (6) and the
last two conditions in (2)

W"(O) = wn(p) = an' (12)
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The (N — 1) equations in (1) plus wy, = wy = 0 and the boundary conditions in (9) and
(12) determine the w,.
For k = 1 and N = 2, we have

167
D*w, — 415D%w, + 1280w, =. —Q1(112 + T) 13
/
‘with boundary conditions

w1(0) = wy(p) = 0, w(0) = W(p) = Q. (14)
“The solution is

1 — cosh 3.153p
sinh 3.153p

w, = 0.1006Q, [cosh3. 153y + sinh 3.153y — 1]

1 —cosh 11.35p
sinh 11.35p

—2.115 x 107°Q, [cosh11.35y + sinh 11.35y — 1} (15)

and from the second equation in (8), taking into account that wi = 0, we have

1 — cosh 3.153p

wp = 0.31540Q, [cosh3.153y + sinh 3.153y — 1]

sinh 3.153p
—6 1 —cosh11.35
+ 40.47 x 107°Q,jcosh11.35y + ———————sinh 11.35y |. (16)
sinh 11.35
For comparison, the exact solutions are:
1 — cosh
wy = Q—zl[cosh my + ———n—p sinh zy — 1:!,
oo sinh 7p
" (17)
1 —coshm
wo = ~Q—1[cosh Ty + ———_[L sinh ©y — 1].
T sinh wp

Thus we see that satisfactory approximations for w, and w, are obtained even when N = 2.
Note that the solutions in (15) and (16) contain very small spurious components which
.can be shown to remain small for all y within the range of interest.

For N > 2, the form of the differential equations (10) and the boundary conditions (9)
and (12) is such that, for any N, the matrix transformation method [3]} can be employed
to obtain w, (this approach will be demonstrated later). Then (8) can be used to solve
for w,. The higher order derivatives are then obtained with the aid of (5) and (8). Hence
we have, for x, £ x < x,.,, the polynomial approximations

w=w, + wllz(x - xn) + %wlr:(x - xn)2 + %w;zu(x - xn)aa

(18)

2 3
W= Wypq + Woag(X — Xpp1) + 3w, 1(x — Xpr1)" F EWaa (X = X4 0)7.

Clearly, the first equation in (18) will be more accurate near x = Xx,, the second near
X = X,H_ 1-

Following Lanczos [1], we can obtain improved accuracy by formulating the solution
in terms of rational function approximations. Consider a point x, in the vicinity of x,, .
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For definiteness, let x, < x4 < X,.1, and let w, = w(x,, y). The approximate quadrature
equations over the range [x,, x, 4] are:

War1 = Wi = 3(Xs1 ~ X)Wnir + Wh) — F5(Xns1 — X4) Wnay — W
+ 135041 — X Wna s + W), 19)
Wia1 — Wi = 30041 — X)Wy + i) — 756041 — X)Wy — W)
Rearranging, taking into account (5), we obtain
Wi = (et — X)Wy + 3(s1 — X IWh — 1351 — X)W
= Wor1 = 3a1 — X Wha1 + 5 ns1 = X% (Qnst — Ox — Wyry)
— 155(Xns1 — %) (Qne1 + Qs = Wni1) = 31 — X)Wy + Wi
= 15(%nt1 — Xx) Wis
Wi — 51 — X)Wy — 750041 — X)W
= Wpi1 — 2(+1 = X )(Quir + Qx — Wysy)
+ (%1 — X0 (Qns1 — Q% — Wpst)- (20)

The preceding equations determine w, and wy. We need only the particular solution.
As an example, consider the case of N = 2, to which the solution is given by (15) and (16).
Note that, from symmetry, w; = w; = 0 and w, = —wg. The second (negligible) terms
in (15) and (16) will be omitted. Consider a point x, in the vicinity of the point x = },
say + < x, < 2, and let

k; = 0.10036; x, = 0.3154; x3 = 3.153. @21
Then the combination of (15), (16), (20) and (21) yields

_ Oyl - iy — x4)? — 7h5x5(x; — x0)°]

* 1+ 515000 — %)% + ghori(e; — x0)*
1 — cosh x
. [cosh K3y + ——a——3p— sinh x_,,y}
sinh x;p
2 : 3n 3
+ 0| —x; + 5500 — x0)°(7 + 3sinmxy) + ZO_(XI — Xy)° COS Xy |,
. 22)
, Qx1K3(X1 — X4)
Wy

= 2 7
1+ ere3(xy — x*)z + EK5(x; — x4)*

1 — cosh x;3p

. [cosh K3y + sinh r@y}

sinh x,p
T
- 10, |:(x1 — x)(1 + sin mx,) + 3 (x; — x4)* cos nx*].

Since x, is an arbitrary point in the vicinity of x,, the subscripted asterisk may be dropped.
The piecewise polynomial and rational function approximate solutions obtained by this
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method satisfy the boundary conditions at x = 0 and x = 1, but the boundary conditions
at y = 0 and y = p are satisfied only at the discrete points x = x,, n = 0, 1,..., N,

Having obtained an approximation for wg, we can now treat the problem as an initial
value problem. Thus, the preceding serves as a simple formal approximation procedure for
invariant imbedding [5]. As N becomes large, the number of points along y = 0 and
y = p at which the boundary conditions are satisfied increases. In the limit, we would
expect to obtain the exact solution for wg. In preparation for such a limiting procedure,
we return to (8), where the grouping of terms is such that their order of magnitude is
clear, and we retain terms of order 1/N only. Note that the functions w,, Q,, and their
derivatives as well as (E + 1)f, are all of order unity, whereas (E — 1)f, is of order 1/N.
Thus we obtain

-1

(E — I)Wn - T (E + I)W,,, = 0,
(23)

-1 -1
(E + DD*w, + (E — D)w, =

) 2 (E + I)rizs n= 05 Ia 2> -."aN - L

The preceding equations are also obtainable directly from a one-term quadrature approxi-
mation. Eliminating w, between the two equations in (23), we obtain (with a shift in the
index n)

(DZ + 4N2)(wn+1 + wn—-l) - 2(_D2 + 4N2)wn
kn\ |
=20, 1+COS_N— sinknx,, n=1,2,...,N—1. 249)

The preceding equations plus w, = wy = 0 and the first two boundary conditions in (9)
determine the solution. The right side of (24) was obtained with the aid of (6) and trigo-
nometric identities.

Following Zuber [3], the problem will now be solved by the matrix transformation
method. In matrix form, (24) may be written as

kn
LyTw — 2L,w = 20, (1 + cos —N—)S, (25)
where
Ly = (D? + 4N?), L, = (—D* + 4N?), (26)

T is the (N — 1) X (N — 1) matrix

o100 . . . O
1 o010 . . .0
T=101 0 1 .. , 27)
0 1 0 1
| O 0 1 0]
and w and s are the vectors
k 2km N — Dkr F
W= [w15w2>""wN—1]T: s=l:Sin_]V£" sin '—N_, ieey sin '(—)—z] . (28)
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The eigenvalues 1, and the unit eigenvectors p,, of T are, respectively, [3]

mn 2N T mm . 2mm C (N=Dmn "
Aw=2c08 —, Pp=1(—] | sin ——, sin s eeey SID—————— |
N N N N N

m=1,2...,N—1. (29

Let A be the matrix of the eigenvalues and P the matrix of the eigenvectors. Note that
P = PT, T = PAP, and PP = I, where I is the unit matrix. Premuitiplying (25) by P,
we obtain

k
Ly APw — 2L,Pw = 2Qk(l + cos —Nf) Ps (30)
Let
Pw=1z Ps=vr. (31)

Then we have (N — 1) uncoupled equations

k
LAz, — 2L,2, = 2Qk(l + Cos%)rm, m=12..,N—1, (32)
1
where
(2 )% N~-1 mjn
Zy =|— sin —— w;,
N/ /=1 N
. (33)
/2 \=N~1 s kmx;
Fm={—] X sin —sin
(N j=1 N

Transformation of the first two boundary conditions in (9) yields
zn(0) = z,(p) = 0. (34

The solution to (32), taking into account (26) and (34) is

A= COS + —_ + COS§S ——

where

2—In \ QN2 kxe\/ r,
o, = 2N , Ay = 1+ cos— R
244, 2 N 2 -2,

] (36)
N~ k 1 — cosh a,, m
B,,.=Qk 1+cos—n— ,O ld i )
2 N sinh o,,p 2 — dm,
Inverting to the w,, noting that
w = Pz, (37)
we have
oN->3(1+ kn Nil Nil C,—1 . mmn | mjrn . « 38)
w, = COS —— si sin sin kmx;,
= SN A S 2= TN N j
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where

1 —cosha,p .
C,, = coshe,y + ———————sinh o, y. 39)
sinh a,,p

Now, from (23), we have
. -1

Wi+ wo = 2N(Wy — Wo), Wy — Wo = —

(Qrr + Qpo — Wy — Wp). (40)
Subtracting the second equation in (40) from the first, retaining only terms of order unity,
and noting that wy, = 0, we have

wy = Nwy. 41)
To evaluate the summation on j in (38), note that j/N = x; and, therefore, as N becomes

infinite

NOU o mm a . .
¥ sin —ySin kmx; (TV— = | sinmnax sin knxdx

i=1 0

0 f k,
={ or m # @)

4 for m = k.

So that we have, from (38), (41) and (42),

- 3 kn . kn\[/C. -1
Wy = 7QkN 1+ cos _]\]_ sin W S . (43)
k

In addition, as N goes to infinity,

T . kn  km k*n*
1+COSW=2, Sln']—v—;‘w‘, 2—/1]‘:—]—\]-2—, Otk=kﬂ.'. (44)
The last two of the preceding equations follow from (29) and (36), respectively. From (39)
and (44), (43) becomes

1 —coshk
wg = %(coshkny+ e

sinh kmy — 1) 45)
7

sinh krnp

which coincides with the exact solution.
3. Parallelogram-shaped membrane

Consider a parallelogram-shaped membrane (Fig. 2) with an edge of length a in the x-
direction and an edge of length b in the y-direction. Here x and y are nondimensional skew
coordinates with an included angle «; x = X/a, y = 7/a, X and ¥ being the dimensional
coordinates. The membrane is under uniform tension S. The differential equation for the
deflection w is:

W' —2BW + W = Q. (46)
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and the boundary conditions are:

w(0,y) = w(l, y) = w(x, 0) = w(x, p) =0 (47)
where
B =cosa; Q= (pa®/Syy*; y=sina. (48)

The remaining symbols play the same roles here as in the preceding section.

The differential equation (46) does not have a complementary solution which is the
product of arbitrary functions of x alone and y alone, but it does possess a product solution
of the form

w, = e W(p). (49)
The reduced differential equation for W(y) is

W — 2BAW + A2W = 0. (50)
The eigenfunctions satisfying (50) and the last two conditions in (47) are:

W, = A,e**# sin A,yy, (51)

where the A, are arbitrary constants, and the eigenvalues are
Iy=+—, n=1,273 ... (52)

To derive an orthogonality relation for these eigenfunctions, note that the differential
equation (50) for W, may be written in vector form

o -1 o], .
"[1 —2ﬂD}[WJ+[0 DZ]{WJ“ ’ &)

where
Y, = W, (54)

The orthogonality relation, obtained in the usual manner, is for 4,, # 4,

p[Y w,] 0 LA dy =0 (55)
ol —2pp ]| W, | T
A particular solution of (46) satisfying the last two conditions in (47) is
W, = $0(»* — p). (56)

Hence, a solution

we= 5 W) + 3007 — py) (57)

n=-—ao

satisfies the last two boundary conditions in (47). Suppose that wi were found by the
method of invariant imbedding, Note that, from (57) and (54),
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oo

wo = 2 Y.(») (58)

B=—0o0

Then the first two boundary conditions in (47) may be written as:

® 'y, 01 W
ELwle o) [5) o

where w, is given by (56). The 4, [see (51)] may then be found with the aid of the ortho-
gonality relation (55).

We will, therefore, find wj in the same manner as in the preceding section. As before,
we will seek the solution for a region partitioned into N strips, considering N to be large,
and then take the limit as N goes to infinity. Hence, we begin by considering one-term
quadrature approximations

— 1l(w’ "N -1
Wppr — Wy = f(wn+1 + wn)N »

(60)
Wi —We =3l +WINY, n=0,1,2,...,N =1
Taking into account (46) and eliminating w,, we obtain
(D* — 48ND + 4NHw,, ; + 2AD* — 4N¥w,
+ (D* +4BND +4N»w,_, =40, n=1,2,...,N—1. (61)
Tn addition, we have
wo = wy = 0. (62)

The (N + 1) equations (61) and (62) plus the boundary conditions (47) determine the w,.
Here, the operators for w,,, and w,_, are no longer identical, so that the method of [4)
is no longer applicable to the differential equation as a whole. However, we may obtain
a set of complementary solutions

W = H,e". (63)
Then the homogeneous form of (61) yields
(4" — 4PNy + 4NP)H, ,; + 2" — 4N,
+ (u* + 4fNu + 4NHH, =0, n=1,2,...,N— 1 (64)

In addition, we assume that (62) is satisfied separately by the complementary and particular
solutions. Thus,

H,=H,=0. (65)
Let

p> —4BNp + 4N? = ¢, p* —4N? ={(, u* + 4Npu + 4N*> =1 (66)
Assuming a solution to (64) of the form Hn = 7", we obtain

H, = K;ti + K13, (67)
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where K, and K, are arbitrary constants and

—_ 2 _ £
. Ci(CC ant )

Enforcing the conditions (65) leads to
Ky, = —K,, Typ = Tone 2N m=1,2,...,N - 1. (69)

The plus sign in the exponent of e in the immediately preceding equation is the only one
which corresponds to

£ oos [ 2
gm = - (Cmnm COS( N ) (70)

nmrw
N ) (71)

From (66) and (70), we can write

R I e 3 o

In anticipation of the limiting process, note that, for N — oo, (72) yields

which satisfies (64) and yields

Hnm = Km("m/fm)nlz Sin(

P = * iy (73)
Y
The preceding equation takes into account (43).

The H,, m = 1,2,...,N — 1, where H,, = [H,,,, Hyp, ..., Hy—1yn]", are the eigen-
vectors (more precisely the right-hand eigenvectors) of the matrix of equations (64). If we
denote the matrix of the equations in (64) by [M], then its left-hand eigenvectors, which
are biorthogonal to the H,,, are the (right-hand) eigenvectors of [M]” [7]. From (64) and
(67), it is clear that the two sets of eigenvectors have the same form but with £ and # inter-
changed. If #,, and v,, are normalized right-hand and left-hand eigenvectors of [M], respec-
tively, then

, . mxm 3 (N — Dmnr T
m=Rm mi mn ~—, ..., m(N D72 ’
u [(fm/ﬂ ) s I Conl M) sin %
\ N —1 d 74
1')m = Rm [(rlm/fm)T Sin"?\]—n: evey (nm/fm)(N—l)/z Sin L__N—)’nZJ s ( )
viu, =0 for m # n.
To find R,,, note that for m =n
N—-1 N
oTu, = R2 Y sin? ":;” - R2 <—2—> =1; R,=@Q/N) (75)
n=1

The expression for the summation in (75) is derived in [4], p. 39.
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The desired particular solutions w,, to (61) are independent of y. The matrix of the
resultant equations is symmetric and the solution may be obtained by employing the
method of [3] as in the preceding section. The result is

N~-1 N-1 nmﬁ mjn
W, =QON% S 3 sin " sin

m=1 j=1 N N

(A =271 (76)

where 4,, = 2 cos(mn/N), as in the preceding section.
We can now write the solutions for w, in matrix form. Let

€ = €1, COSh i1,y + €5, Sinh 1, ¥, € = e(y) = [ey, €3, ..., ex_11%,
W, = Wy, Wpa, ..o, wp(N_l)]T, w=w(y) = [Wy, Way ..r, Wy_11%s (76)
U=T[u, by ...;tty_1], V=1[0,0y ..., 05-4]
Then
w(y) = Ue(y) + w,. o))
From the last two conditions in (47),
w(0) = w(p) = 0. , (®)

Substituting (77) into (78) and premultiplying the result by ¥”, we obtain e,, immediately
and can solve for e,,,. Thus,

N1 1 — cosh p,p
T ‘m
Cipy = — U W, = VimWois €ap = ———————— € 79
1 P i§1 pi 2m si ] L im ( )
To obtain wj, note that, from (60) and (62), to order N~*
wp = Nwy, (80)

as in the preceding section. As N goes to infinity, the solution (80) may be considerably
simplified. We begin by simplifying w,, in (76). Note that for N — o

bl i 1 2[mmn), dd,
NI Y sin%:f Sinmnxdx={( /mn), m o
j=1

j= 0 0, n even,
(81
N%(A, ~ 2) = 2N?{ cos T 1) = —m??, N sin = m.
N N
Hence
N-1 _3 . nmm
W = —40 3 (mm)~7 sin ,
m=1,3,5 N
(82)

Nwy= =40 3 (mm)™2 = —30.

m=1,3,5
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Moreover, for N — o0, &,/1. = 1 [see (66)], so that from (74), (76), (77), (79) and (82),

N-1 N—-1 N—-1 ) imn lkTE
= 8QN~! k sm———sm——-sm—
W =8ONTH S 5% (km) S sin sin —sin
1 —cosh p,p .
X (cosh Umy + ___.# sinh u,,,y). (83)
sinh pu,,p

Noting that

o imm | dkm 1t ]
3 sin sin — = | sin mzx sin knxdx
j= N N 0

_ i, for m =k, (84)
0, for m # k,
then we have, from (81), (83) and (84),
@ 1 —cosh p,p .
Nw, =4Q 3 (mm)~? <cosh iy + B Ginh ﬂmy>, (85)
m=1 sinh y,,p
where pu,, = mmz/y, as in (73). Taking into account (82) and (85), (80) becomes
® ’ 1 —cosh p,p .
Wy = Q[4 S (mm)~? (cosh Uy + —ﬂf—)— sinh u,,,y) - %:l. (86)
m=1,3,... sinh p,,p

4. Discussion

If o = 7/2,i.e. y = 1 so that u,, = mmr, then (86) yields the rectangular membrane solution.
Note that, unlike the solution in (51), which is restricted in form by the assumption of (49)
and which must hold in the entire parallelogram-shaped region, (86) has to hold only in
an infinitesimally wide strip near x = 0. Therefore, it is unaffected by the fact that o # 7/2.
Indeed, (86) coincides in form with the solution for a rectangular membrane of length
a sin o and width b. Substitution of (56) and (86) into (59), taking into account (55) yields
the coefficients 4, in the eigenfunction expansion [see (51)]. The resultant solution is exact
in the usual series solution sense, i.e. by taking a sufficient number of terms we can make
the error as small as we please. However, in a problem which is tractable by separation of
variables, e.g. the rectangular membrane, a series may be constructed so that each term in
the series satisfies all boundary conditions. Whereas for nonseparable problems, such as the
parallelogram-shaped membrane, some boundary conditions (at x = 0 and x = 1 in our
case) are only satisfied by the infinite series as a whole.

Usually, the method of invariant imbedding is employed to change a boundary value
problem into an initial value problem, which is more convenient for obtaining a numerical
solution. In some problems, quantities of interest are related to the derivatives of the
solution. For example, if we set (p/S) = 2 [see (46) and (48)], then (46) and (47) define
the Prandtl stress function for the torsion of a prismatic bar [6] in which the stresses are
related to the derivatives of the solution function denoted here by w. It is therefore desirable
to retain analytic control of the solution. This goal is attained by the eigenfunction solution
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which we obtained. A similar situation exists in some problems of plane elasticity (e.g. [8])
and plate theory [5].

In conclusion, a method introduced by Lanczos for the approximate solution of boundary
value problems in ordinary differential equations has been extended to boundary value
problems in partial differential equations. It has been employed in obtaining approximate
solutions and as a method of invariant imbedding to obtain approximate and exact initial
values. The initial values were then utilized to obtain an eigenfunction solution to a non-
separable problem in which the derivatives of the solution function are of interest, so that
retention of analytic control is desirable in order to avoid numerical differentiation.
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